Abstract. We study the long-time behavior of non-negative solutions to the Cauchy problem (P) ρ(x) ∂ t u = ∆u m in Q := R n × R + u(x, 0) = u 0 in dimensions n ≥ 3. We assume that m > 1 (slow diffusion) and ρ(x) is positive, bounded and behaves like ρ(x) ∼ |x| −γ as |x| → ∞ , with 0 ≤ γ < 2. The data u 0 are assumed to be nonnegative and such that ρ(x)u 0 dx < ∞. Our asymptotic analysis leads to the associated singular equation |x| −γ u t = ∆u m , which admits a one-parameter family of selfsimilar solutions U E (x, t) = t −α F E (xt −β ), E > 0, which are source-type in the sense that |x| −γ u(x, 0) = Eδ(x). We show that these solutions provide the first term in the asymptotic expansion of generic solutions to problem (P) for large times, both in the weighted
(Communicated by the associate editor name)
Abstract. We study the long-time behavior of non-negative solutions to the Cauchy problem (P) ρ(x) ∂ t u = ∆u m in Q := R n × R + u(x, 0) = u 0 in dimensions n ≥ 3. We assume that m > 1 (slow diffusion) and ρ(x) is positive, bounded and behaves like ρ(x) ∼ |x| −γ as |x| → ∞ , with 0 ≤ γ < 2. The data u 0 are assumed to be nonnegative and such that ρ(x)u 0 dx < ∞. Our asymptotic analysis leads to the associated singular equation |x| −γ u t = ∆u m , which admits a one-parameter family of selfsimilar solutions U E (x, t) = t −α F E (xt −β ), E > 0, which are source-type in the sense that |x| −γ u(x, 0) = Eδ (x) . We show that these solutions provide the first term in the asymptotic expansion of generic solutions to problem (P) for large times, both in the weighted L 1 sense u(t) = U E (t) + o(1) in L 1 ρ and in the uniform sense u(t) = U E (t) + o(t −α ) in L ∞ as t → ∞ for the explicit rate α = α(m, n, γ) > 0 which is precisely the time-decay rate of U E . For a given solution, the proper choice of the parameter is E = ρ(x)u 0 dx.
1.
Introduction. The question of intermediate asymptotics is a main research subject in the area of parabolic partial differential equations. It is in particular well studied for the heat equation, ∂ t u = ∆u, but also for different classes of linear and nonlinear evolution equations of parabolic type, among them the porous medium equation, ∂ t u = ∆u m , the p-Laplacian evolution equation, ∂ t u = ∆ p u, and other related nonlinear evolution equations. In most of those studies the equation describes an evolution that takes place in a homogeneous medium.
Our aim here is to extend the theory to understand the effect of a non-homogeneous medium. We take as model problem the porous medium equation posed in the whole space. Precisely, we study the question of long-time intermediate asymptotics of non-negative solutions to the following Cauchy problem
Equations like (1) have been proposed in models of heat transfer by radiation in a non-homogeneous medium, [KR1], the quantity ρ(x) standing for its mass density. We will study the behavior as t → ∞ of the solutions of problem (1) under the following assumptions:
i) Diffusion is slow, i.e. m > 1 (so-called porous medium diffusion);
ii) The spatial dimension is n ≥ 3;
iii) The medium density ρ(x) is smooth, positive and does not decay too fast at infinity in the sense that ρ(x)|x| γ → 1 as |x| → ∞ with 0 ≤ γ < 2;
iv) u 0 is nonnegative, locally integrable and
Note that this quantity represents the total thermal energy associated to the temperature distribution u 0 , hence we are making an assumption of finite energy. A short comment on our choices: (i) the linear case m = 1 is maybe more natural, but the mathematics of m > 1 seemed to us more interesting to describe, and then the results can be extended with minor effort; (ii) Low dimensions d = 1, 2 could be treated before by simpler methods; (iii) a decay restriction of the type (2) is needed for our results to hold, (iv) the finite energy assumption is natural on physical grounds. Let us also note that there are many open problems in this issue of the influence of inhomogeneous media, and we comment on some of them at the end of the paper. Note finally that, as a particular case, when ρ(x) = 1 we recover the standard Porous Medium Equation if m > 1, and the Heat Equation when m = 1.
In order to state our main result we introduce the space
Then, there is a continuous and nonnegative function of the form
(4) The exponents are given by the formulas 
with similarity exponents
and profile
where
on the condition that we choose M = u 0 L 1 . Moreover, it is shown that convergence also takes place uniformly, with the corresponding rate:
The quantity M = u(t) L 1 is an invariant of the evolution and can be interpreted as the total mass of a fluid flowing through an homogeneous porous medium that occupies the whole of R n .
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II) The mathematical analysis in the case of variable (and possibly decaying as |x| → ∞) density function ρ(x) was first considered in the papers [KR1] and [KR2], in connection with a model of thermal transfer in non-homogeneous plasma. In the first paper it was shown that when n = 1, if the initial datum is smooth, bounded, non-negative and compactly supported and ρ(x) ∼ |x| −γ as |x| → ∞ with a rate 0 ≤ γ < 1, then the situation is close to the homogeneous case, in the sense that there exists a family of solutions {U E } to the singular problem
uniformly on sets of the form {|x| ≤ ct β } where β = 1/(m+1−mγ) and α = (1−γ) β. The method used in [KR1] works as well for the linear case m = 1. In this case the solutions to the singular problem (10) are modified Gaussians, see the Appendix. III) On the other hand, the case ρ ∈ L 1 (finite mass medium) and bounded initial data is considered in [KR2], again for n = 1 and m ≥ 1. In this case the asymptotic behavior is quite different: indeed, the solutions converge on compact sets to the (non-zero) mean of u , that is,
In the thermodynamical context, this fact is interpreted as isothermalization of the medium towards a positive temperature. The explanation is as follows: a finite amount of thermal energy is stored in a finite-mass isolated medium, hence it cannot cool off asymptotically; in particular, the temperature must be kept larger than the mean at some points. A detailed analysis of the asymptotic patterns and rates in this case for potential decay of the form ρ(x) ∼ |x| −γ , 1 < γ < 2, is done in [GKKV] . The precise asymptotics for γ ≥ 2 is still poorly understood.
We recall that in this model the quantity E(t) = u(t) L 1 ρ is an invariant of the evolution and represents the total thermal energy of the medium, while ρ L 1 is its total mass, finite or infinite. IV) Obtaining a priori estimates necessary to prepare the passage to the limit in the usual scaling methods is quite difficult in dimensions n ≥ 2, thus the preceding work does not extend without new arguments. The results in [KR1] were extended to dimension n = 2 in [RV2], under the density decay assumption ρ(x) ∼ |x| −γ with 0 ≤ γ < 2, making use of symmetrization estimates obtained in [RV1] . The alternative case ρ ∈ L 1 (R 2 ) had been previously considered in [GHP] , where the authors show that (12) takes place. Thus for n = 2, if we restrict ourselves to potentially decaying densities, only the critical case γ = 2 remains open.
Problem in higher dimensions. Unfortunately, the previous methods are not sharp enough to deal with the asymptotic behavior in dimensions n ≥ 3. In the present paper, under the assumption of slow decay (precisely, γ ∈ [0, 2) in (2)) we establish convergence of every solution towards a source-type selfsimilar solution U E of the singular problem
The precise result is stated in Theorem 1.1. The solutions U E have been discussed for other purposes of the theory in our paper [RV3] . Being a natural extension of the standard Barenblatt solutions of the homogeneous case, we will give them the name of "non-homogeneous Barenblatt solutions"; we even use the plain name "Barenblatt solutions" for brevity if no confusion is to be feared. We recall that they are explicit and indeed exist beyond our range of interest 0 ≤ γ < 2, though they are less regular for γ ≥ 2 as we mention below.
The reader might wonder why not work in the wider range 0 ≤ γ < n, which corresponds to an "infinite mass" medium. It turns out (see Appendix I, [RV3] ) that γ = 2 is a new critical value which is very relevant for all dimensions, even when n = 2. In particular, there is a transition in the character of the (new family of) Barenblatt solutions. Indeed, for 0 ≤ γ < 2 they are bounded, while for 2 ≤ γ < γ 2 := n − (n − 2)/m they are singular at x = 0. For γ ≥ γ 2 this kind of solution ceases to exist.
It is worth observing that, in sharp contrast with the homogeneous case, in the present situation the "limit" problem (13) does not coincide with the original one (1): we find a case of asymptotic simplification in the sense of [V1] .
The proof of our asymptotic result relies on scaling methods, and follows the "four-steps" technique described in [KV] . The main difficulty encountered in this application resides in obtaining a sharp time-decay estimate of solutions, invariant under scaling. Such an estimate has been recently proved in [RV3] , cf. Theorem 2.4 of the present paper. The lower dimensional cases had special properties that allowed to by-pass this difficulty by more elementary means.
Finally, we point out that the restriction to nonnegative data and solutions is not essential in studying the asymptotics of this type of diffusion problems, cf. for instance [V3, Chapter 18], but it strongly simplifies the presentation and is natural on physical grounds.
Organization. In Section 2 we gather some necessary preliminary material and state the main results. For easier reading, the section is subdivided into several subsections, each of them devoted to a particular issue. Section 4 contains the proof of our main asymptotic result in the L 1 ρ norm, while sections 5 and 6 establish the asymptotic result with uniform convergence (up to a t α factor, as needed); this requires a very delicate analysis of the situation at the origin, where the limit equation is singular. The short Section 7 deals with the extension of our results to the linear case, which is easier but has independent interest. 2. Preliminaries. Weak solutions. In [RV3] , the authors studied well-posedness for problem (1) in the class of data L + ρ defined above. We review the main facts for convenience of the readers. Solutions to (1) are to be understood in the weak sense, according to the following Definition 2.1. We say that a function u(x, t) is a weak solution to (1) if (i) u(x, t) is non-negative and continuous in Q;
holds for every test function φ ∈ C 1 c (Q); and
The main existence and uniqueness result we need from [RV3] reads as follows. (15) is needed for uniqueness, see [RV3] . (ii) Notice that condition (2), which will be assumed throughout, implies (15).
In our proofs, we will make extensive use of a number of estimates that we describe next. For the proofs, see [RV3] , [RV2].
• Finite propagation and conservation of energy. A relevant quantity related to the solutions of (1) is their weighted norm u(·, t) L 1 ρ . We refer to it as to the energy of the solution at time t, the terminology being motivated by its physical meaning when (1) is understood as a model of heat propagation. We will often denote the energy by E(t). We also put E = E(0).
The conservation (or dissipation) of this quantity is relevant both for theory and applications. In the case n = 1, conservation was proved in [KR1], see also [GHP] . For n = 2 conservation was proved in [GHP] for bounded solutions, and in [RV2] in the general case. On the other hand, Kamin and Kersner proved in [KK] that the energy decreases when n ≥ 3 and ρ ∼ |x| −γ with γ > γ 2 . Since loss of energy can take place only at infinity, the support of solutions with compactly supported data necessarily becomes unbounded in finite time. They also proved that such a phenomenon does not take place if ρ(x) ∼ |x| −γ with 0 ≤ γ ≤ 2. In [RV3] , the authors improved on these results by showing that finite propagation and conservation of energy take place in the wider range 0 ≤ γ < γ 2 . That is, we have
Also in that paper, the following precise estimate on the expansion of the support is given for the case of bounded data. 
with 0 ≤ γ < γ 2 and let u 0 ∈ L ∞ be compactly supported. Then, if u(x, t) denotes the corresponding weak solution, there exists R > 0 such that
for t > 0. The expansion rate β is as in (5).
• Contractivity. Given two initial data u 01 , u 02 ∈ L + ρ , and denoting by u 1 and u 2 the corresponding weak solutions, we have
• Main uniform estimate. The following uniform estimate of solutions has allowed in [RV3] to prove the existence and uniqueness result, Theorem 2.2. Let u(x, t) be the corresponding weak solution of problem (1). Then, there exists a constant C > 0 depending only on E, m, n and γ such that
for t > 0, where α is given by (5).
• Gradient estimate.
Theorem 2.5. Let n ≥ 3 and 0 ≤ γ < 2. Let u 0 ∈ L + ρ with u 0 L 1 ρ = E and let u denote the corresponding weak solution. Then,
3. Singular problem and non-homogeneous Barenblatt solutions. In this subsection we introduce the Barenblatt solutions for the singular problem (13). The meaning of the term "solution" is made precise as follows.
Definition 3.1. Let E > 0. We say that u(x, t) is a weak solution to the singular problem (13) if (i) u is non-negative and continuous in Q ;
as t ↓ 0 in the sense of bounded measures.
Weak solutions to (13) indeed exist. Actually, they can be found explicitly assuming radial symmetry and self-similarity, a natural assumption given the invariance properties of both the equation an the data. The detailed calculations can be found in [RV3] . In the case n ≥ 2 and 0 ≤ γ < 2 such solutions have the form
with α and β as in (5) and profile F : [0, +∞) → [0, +∞) given by the explicit formula
where C = C(E) > 0. Observe that F is bounded and compactly supported and α, β > 0 under our current assumptions m > 1 and γ < 2 ≤ n. Moreover, it is smooth in the positivity set but for the point ξ = 0, where it is only C 1 if 0 < γ < 1 or even has a cusp if 1 ≤ γ < 2. Hence, the solutions U E (x, t) are classical in the positivity set except at the origin. These solutions enjoy the energy conservation property:
As in the standard (homogeneous) case, there is a one-to-one monotonically increasing dependance between C and the energy E . ρ . This section is devoted to the proof of the first part in Theorem 1.1, formula (3). We adopt the well known "foursteps" technique introduced in [KV] and frequently used in the study of long time behavior of solutions to similar problems.
Step 1: Rescaling. We define the rescaled versions of u(x, t):
with α and β as in (5). It is easy to check that u λ is a solution of
with ρ λ (x) = λ βγ ρ(λ β x) and u 0λ = λ α u 0 (λ β x). Besides, initial energy is preserved:
Observe also that ρ λ verifies condition (19) for all λ > 0.
Step 2: Uniform estimates and compactness. It follows from Theorem 2.4, formula (27) and (16) that u λ satisfies the estimates
for t > 0, with a constant C depending on E, m, n, A 1 and γ, but independent of λ.
Plugging both estimates in (28) into the estimate (21), we get a uniform L
with a constant C > 0 independent of λ. Temporarily, we restrict ourselves to data u 0 ∈ L ∞ and compactly supported. For such data we know by Theorem 2.3 that the support of u(·, t) is contained in the ball centered at x = 0 with radius R(t) = C(t + 1) β . Hence,
The equation satisfied by u λ can be written in the form
Thanks to hypotheses (i), (ii) and (iii) on ρ, on each compact subset of Q\{x = 0}, the equation (31) (29), we can also assume that ∇u
Step 3: Passage to the limit. By hypothesis (ii), we have ρ λ (x) → |x| −γ a.e. in R n . The convergence above allows passing to the limit in the integral identity in Definition 2.1 and thus U satisfies the integral identity in Definition 3.1. It is also +∞) ) for τ > 0, and both (28) and (29) hold in the limit with the same constants.
The uniform estimates (28), (30), the fact that
, and the Lebesgue dominated convergence theorem imply that for each t > 0 we have
On the other hand, it follows at once from (30) in the limit λ n → ∞ that supp U ⊂ B Ct β for t > 0. The last two facts imply |x|
. Let t 0 > 0 be given and let ε > 0. Since U is compactly supported in space, uniformly on [t 0 , t 0 + h], it is uniformly continuous on sets of the form Q \ {B δ (0) × [t 1 , t 2 ]} with δ > 0. Hence, we can choose h(ε, δ) < t 0 /2 small enough, such that
for any given δ > 0. On the other hand, since U is bounded for t > t 0 /2 and |x|
The desired property follows from (32) and (33). We conclude that U satisfies all conditions in Definition 3.1 except continuity at x = 0.
Step 4: Identification of the limit. The previous properties of the limit U , as well as some properties of the candidate U E , allow to conclude that U = U E . The following Lemma was proved in [KR1] for n = 1, see also [RV2] . The proof applies without changes in the general case. The rest of the argument is rather standard. As a consequence of the previous Lemma, lim λ→∞ u λ (x, t) = U E (x, t). Choosing the weight w(x) = |x| −γ and t = 1 we have
Recalling the definition of u λ and using the scaling invariance of U E , we obtain the desired result. Observe that we can replace the weight |x| −γ by the (lesser) weight ρ(x).
For general data, the result follows by approximation and contraction in the space L 1 ρ , just as in [RV2], thus concluding the proof of (3).
5. Uniform convergence near the origin. In order to obtain the asymptotic result (4), we need to tackle the delicate question of uniform convergence near x = 0, where the rescaled weights become singular in the limit. We will prove that u λ → U E uniformly also on compact subsets of Q containing x = 0. This will be a consequence of the following Theorem 5.1. For any δ > 0 there exists a small enough ε = ε(δ) > 0 and a large enough t 0 = t 0 (δ) such that
Proof. It consists of finding suitable upper and lower barriers on expanding sets of the form {|x| ≤ εt β , t ≥ t 0 } with ε small. As a first step, we construct a suitable lower barrier.
• Lower barrier
We divide the construction into several steps. (i) To begin with, let w be the unique weak solution of the radial two-dimensional problem
where B
(2) r = {x ∈ R 2 : |x| < r}. Global (in time) existence for this problem follows at once if we perform the change of space variable x = x(y), defined as follows: let r = |x| and s = |y|. Then we put
It is easy to check that the last problem takes the following form in terms ofw(y) := w(x):
where d = d(n, γ). Thus, the transformed equation is the standard porous medium equation (dimension two is important to achieve such conclusion). Using well-known theory for this equation, [V3], the following facts follow: the above problem admits a unique weak solution; it satisfiesw t ≥ 0 and sign {y · ∇ yw } ≥ 0 and exhibits for a certain time a hole around x = 0 wherew = 0; the hole is limited by a free boundary s = R(t) that propagates towards the origin at a finite speed, reaching it at a certain time T 1 < ∞. After T 1 , the solution becomes positive and tends monotonically and uniformly to c 1 as t → +∞. All this can be translated into an analogous behavior for w(x, t) in the cylinder B
1 × (1, +∞). (ii) Our next step consists of adapting our construction to a small ε-neighborhood of the origin. We use a scaling argument: given ε > 0, the function w ε (x, t) = w(ε −1 x, ε γ−2 t) solves the same problem as w on the set B
ε × [ε 2−γ , +∞). In radial coordinates in R 2 ,ŵ ε (r, t) := w ε (x, t) with r = |x| solves the problem
We now return to general dimension n ≥ 3. Consider the radial function u ε , defined on the cylinder B ε × [ε 2−γ , +∞) (now B ε is the n-dimensional ball) as
Observing that
as well asŵ ε t = u ε t ≥ 0 and ρ λ (x) ≤ A 1 |x| −γ , we conclude that u ε is a subsolution of the equation for u λ , λ > 0. This important conclusion will be used in the comparison argument that follows.
(iii) We take advantage of the fact that the convergence u λ → U E is locally uniform outside of the origin in order to control the size of u λ at the lateral boundary of the cylinder Z ε := B ε × [ε 2−γ , 1], 0 < ε < 1. We observe that, since γ < n we have (2 − γ)β < 1 and it follows that the Barenblatt solution U E is bounded from below on Z ε uniformly in ε small, say for ε ≤ ε 0 . Actually, it can be easily seen that as ε → 0 we can achieve lower bounds arbitrarily close to U E (0, 1).
Let us see the details. We take δ > 0 small and fix
Next, choose ε small, such that T 2 ε 2−γ < 1 and U E > c 1 + δ/4 on Z ε . By the previous convergence results, we can choose λ 0 = λ 0 (ε) large enough, such that
Setting t = 1, using the fact that U E is radially decreasing and rephrasing the result, we finally get
for |x| ≤ ε(δ)t β and t > t 0 (δ). Next we take care of the right inequality in (34).
• Upper barrier We use as upper barriers slightly modified Barenblatt solutions of the limit problem, in the region where they are decreasing in time. Without loss of generality, we assume that A 1 > 1 (change A 1 if necessary). (i) Let us recall the solution of the singular Problem (13)
as defined in Section 3 with C = C (E ). Next, we consider the function U = U A1,E ,τ defined as
with parameters E > 0 and τ > 0 to be suitably chosen. It is a weak solution of the singular equation +∞) . Notice next that the region where ∂ t U < 0 can be described as
hence U is a supersolution of the equation with weight ρ λ (i.e., the equation for u λ ) in N . By C(E) we denote the constant in formula (23), associated to the Barenblatt solution U E with energy E = ρu 0 dx and weight |x| −γ . In what follows we assume A 1 C > C(E) and we put σ = A 1 C − C(E) > 0. For such a C , the region (39) contains the set
with c(σ) → 0 as σ → 0. Also, given t 0 > τ and δ > 0, there
(ii) Next we want to compare U and u λ in a parabolic region of the form
The comparison in R ε,t 0 will follow from comparison on the parabolic boundary. We have to choose the constants t 0 > τ and ε > 0 in a suitable way. The region R ε,t 0 is contained both in S τ and in the set
β for σ small enough. We fix this dependance in the sequel.
(iii) Initial data. We choose t 0 > τ in order to have comparison at t = t 0 . We know from our main boundedness estimate that
where, for the first inequality, we have used the fact that U E is radially decreasing, while the second follows by plugging the value of ε and taking into account that 1 − τ /t 0 < 1. If σ is small enough (depending only on C, γ, m, n), the last quantity tends to infinity as t 0 ↓ τ . This gives the desired initial comparison.
(iv) Next, we consider the question of lateral comparison. Since the region R ε,t 0 is strictly inside the set {(x, t) :
where the second inequality follows from the fact that, for σ small enough,
Given 0 < δ < δ 0 , we can choose λ large (depending on δ, t 0 , τ and σ), such that By (40) , in the same set we have
By parabolic comparison, we conclude that for λ large enough
our main estimate we know that u λ (t) L p (B) is also uniformly bounded. Hence, the constant C above does not depend on λ. On the other hand,
. Resorting again to the uniform boundedness of both ρ λ and u λ on B, we conclude that
with a constant C independent of λ.
. Combining this estimate with (44), and translating the result in terms of u, we conclude the proof of Theorem 1.1.
Appendix. Inhomogeneous linear diffusion. In previous study we have dealt with the nonlinear diffusion case m > 1, but similar results hold for the nonhomogeneous linear heat equation, m = 1. The corresponding mathematical theory is simpler but still interesting if considered as an anomalous variation of the Brownian motion. In the one-dimensional case, the authors of [KR1] observe that their method extends to m = 1. It is worth mentioning the paper [EiK] , where the question of existence of lim t→∞ u(x 0 , t) has been dealt with, by establishing its connection with the existence of the limit of certain means of the initial datum.
In the range 0 ≤ γ < 2 used in the present paper, the modified Barenblatt solutions are replaced by modified Gaussians of the form
with similarity exponents β = 1/(2 − γ), α = (n − γ)/(2 − γ), and the explicit radial profile is given by the formula
and the constant C > 0 is related to the energy (by linearity, in this case they are simply proportional). This gives
For one spatial dimension, these explicit expressions appear in [EiKP] and [EiK] . We observe in this respect that the main elliptic Lemma 5.1 in [RV3] holds up to r = 1. Actually, in this case the result follows from classical estimates for equations with coefficients in the Kato class, in our case ρ ∈ L q with q > n/2. Also, the scaling argument in Subsection 2.1.2 in that paper works without changes. Consequently, the main L ∞ -estimate also holds. Some modifications, however, are needed in the proofs of asymptotic convergence. We plan to explain the details of this case in a separate report.
As a complement to this type of results, we recall that the asymptotic behavior of solutions of the inhomogeneous heat equation (m = 1), has been studied in [KPT] in dimension n ≥ 3 under the assumption of finite mass, ρ ∈ L 1 (R n ). The authors prove that isothermalization (12) takes place. The reader will notice that the decay assumption (iii) is not respected.
Some extensions. This is a list of related problems worth considering.
• The study of asymptotic behaviour for our problem is still open for decay rates γ > 2. The behaviour is expected to depend of further subdivisions of the range, like 2 < γ < γ 2 , γ 2 < γ < n, and γ > n. The critical cases γ = 2, γ = γ 2 and γ = n have special properties.
• A similar study should hold for the p-Laplacian equation and other equations with rich invariance structure. The present equation with p < 1 (fast diffusion) offers some interesting novelties.
• It will be interesting to see the combined influence of inhomogeneity and other effects, like convection, reaction or absorption.
• The equation posed in a bounded domain with zero boundary conditions poses problems which are similar in nature if the density is degenerate or singular near the boundary.
